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Abstract. The additive invariants of an algebraic variety is calculated in 
terms of those of the fixed point set under the action of additive and multiplica- 
tive groups, by using Bialynicki-Birula's fixed point formula for a projective 
algebraic set with a G m -action or G a -action. 

The method is also generalized to calculate certain additive invariants for 
Chow varieties. As applications, we obtain the Hodge polynomial of Chow 
varieties in characteristic zero and the number of points for Chow varieties 
over finite fields. 

As applications, we obtain the i-adic Euler-Poincare characteristic for the 
Chow varieties of certain projective varieties over an algebraically closed field 
of arbitrary characteristic. Moreover, we show that the virtual Hodge (p, 0) 
and (0, (jr)-numbers of the Chow varieties and affinc group varieties are zero for 
all p, q positive. 



Contents 

1. Introduction 1 

2. A generalization of Bialynicki-Birula's method to additive invariants 3 

3. Examples of additive invariants 5 

3.1. Euler characteristic 5 

3.2. Hodge polynomials 6 

3.3. Counting points 7 

4. Additive invariants for Chow varieties 8 

4.1. The Chow variety for projective spaces 8 

4.2. The Chow variety for the product of projective spaces 12 

4.3. Toric varieties 13 

4.4. Chow varieties parameterizing irreducible varieties 14 
References 16 



1. Introduction 

In this paper we generalize a method of Bialynicki-Birula (cf. |B-Blj ) in studying 
the fixed point schemes under actions of additive and multiplication group schemes 
and apply it to calculate additive invariants of projective varieties admitting one of 
these actions, especially to affinc group varieties and Chow varieties. 
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Recall that an additive invariant A on the category Varx of algebraic varieties 
(a variety means a reduced and irreducible scheme) over a field K with values in a 
ring R, is a map 

A : Var K -> R 

such that 

X(X) = X(X') for X = X', 

X(X) = X(Y) + X(X - Y) for Y closed in X, 
X(X xY) = X(X) ■ X(Y) for every X and Y. 

Examples of additive invariants includes the Euler characteristic, the Z-adic 
Euler-Poincare characteristic, the Hodge polynomial, counting points, etc. For 
more examples and details on additive invariants, the reader is referred to Loeser's 
lecture [Lo] , 

Our motivation comes from the computation of the Euler characteristic of the 
Chow variety of complex projective spaces by Lawson and Yau (cf. |LY| ) . More 
precisely, it is from the calculation of the Euler characteristic of the complex Chow 
variety C P: d(V£) (or simply Cp )( z(P™) if there is no confusion) parameterizing effec- 
tive p-cycles of degree d in the complex projective space P™ . The following formula 
was shown to hold: 

Theorem 1.1 (The Lawson- Yau formula). For all n,p,d > 0, one has 

where i> Pi „ = (p+i) and x(-M) is the Euler characteristic of M. 

Lawson and Yau use a fixed point formula of a weakly holomorphic .^-action 
in their computation for the Euler characteristic of Chow varieties. We observe 
that it would work nicely for other interesting additive invariants once we have 
corresponding fixed point formulas. The basic tool we will use in our proof is 
a mild generalized version of the following fixed point formula for Z-adic Euler- 
Poincare characteristic, as proved by Bialynicki-Birula. 

Let X be a projective algebraic subset over a field K with a G m -action. Note 
that G m = Spcc/i'[t, £ -1 ]. That is, there is a morphism <f> : G m xl->l such that 
0(1, x) := x and <j>{tit 2 , x) = (j>(t-y, 4>{t 2 ,x)). 

Theorem 1.2 (Bialynicki-Birula, jB-Blj ). Let X be a projective algebraic subset 
over an algebraically closed field K with a <& m -action. Then 

X(X,1)= X (F,1), 

where F is the fixed point set of this action. 

The first main result in this paper is the following statement. 

Theorem 1.3 (Corollary |2.4p . Let X : VarK R be an additive invariant satisfy- 
ing A(G m ) = (resp. X(G a ) = 0). Then X(X) = X(X Gm ) (resp. X(X) = X(X G *)). 

Note that K is not required to be algebraically closed in this theorem. 

By applying this to the Chow variety C p .d(P n )K parametrizing effective p-cycles 
of degree d in the projective space F K over an algebraically closed field K, wc obtain 
the following result. 
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Theorem 1.4. Let A : Varx — > R be an additive invariant satisfying X(G m ) = 
and A(Spec-?C) = 1. Then 

\(C Ptd (v n ) K ) = C-^- 1 ) e R. 

In particular, if A(— ) = x(~ >0 is t ne Z-adic Euler-Poincare characteristic and 
i? = Z, then we obtain the ^-adic Euler-Poincare characteristic for C Pi d(P™)if. 

Corollary 1.5. 

(i) x(c P)d (P n )K,o = r'" + r 1 )- 

In particular, we obtain the following results on the virtual Hodge numbers and 
the virtual Betti numbers of the Chow variety C m .d(P^-) parameterizing algebraic 
m-cycles of degree d in F K . 

Theorem 1.6. Let K be an algebraically closed subfield of C. For integers n > 
m > and d > 0, the virtual Hodge (p,0) and (0,q) -numbers of the Chow variety 
C mi d(PJ-) are zero for all integers p,q > 0. Moreover, the virtual Hodge (p,q)- 
numbers h p,q (C m ^d(¥ K )) °/Cm,d(P^-) satisfies the following equation: 

p-q=i 

for all i and 

p>0 

The method in proving Theorem 11.41 is applied to obtain additive invariants for 
the Chow varieties of general toric varieties as well as the Chow varieties parametriz- 
ing irreducible cycles in the product of arbitrary many projective spaces. 

Acknowledgement. I would like to thank professor V. Voevodsky for his interest- 
ing and helpful comments on an earlier version of the paper. 

2. A GENERALIZATION OF BlALYNICKI-BlRULA'S METHOD TO ADDITIVE 

INVARIANTS 

Let A be a fixed algebraic variety over a field K of arbitrary characteristic. 
An algebraic scheme Y is said to be simply equivalent to an algebraic scheme X 
if Y is isomorphic to a closed subscheme X' of X and there is an isomorphism 
/ : X — X' — > Z x A for some algebraic scheme Z. The smallest equivalence 
relation containing the relation of simple A- equivalence is called the ^-equivalence. 

Lemma 2.1. Let X , Y and A be algebraic varieties over K and let A : Varx R 
be an additive invariant. Suppose that X is A-equivalent to Y. If X(A) = G R, 
then X(X) = A(Y) € R. 

Proof. It is enough to consider the case that X is simply A-equivalent to Y since 
A is an additive invariant. By definition, there is an open quasi-projective scheme 
U of X such that X — U is isomorphic to Y and an isomorphism / : U — > U' X A, 
where U' is an algebraic scheme. In this case, we have X(X) = X(Y) + X(U) = 
X(Y) + X{U')X(A) = X(Y). This completes the proof of the lemma. □ 
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Theorem 2.2. Let G = G m and suppose that G acts on a reduced and irreducible 
algebraic scheme X . Then X is A-equivalent to X G , where X denotes the fixed 
point set of the G-action and A = Spec(_ftT[a;, a; -1 ]). Likewise, if X admits the 
action of the additive group G = G a and A = Spec(K[x\) , then X is A-equivalent 
to X G . 

Proof. In the following G is either G a or G m . The case is clear if X = X G . 
Suppose that I / I G . We will show that there exists a G-invariant non-empty 
open subscheme U of X isomorphic to Z x A, for some scheme Z. To see this, 
let U' be a non-empty open irreducible subscheme of X such that the quotient 
(j> : U' —> U'/G exists. The te generic fiber F of <j> is an algebraic scheme over 
the field of rational functions K(U'/G) = K(U') G . Moreover, the fiber F with the 
action of G is homogeneous. Hence there exists a K ([/'/G)-rational point in F and 
F is isomorphic to G/H for some algebraic group subscheme over K(U') G of G, 
where the action of G on G/H is induced by translations. By our assumption, the 
group scheme G/H is isomorphic to G. Hence Xis birationally G-equivalent to some 
product U[ x G. Therefore, X contains an open G-invariant subscheme U which 
is isomorphic to non-empty open subscheme of U[ x G. Note that a G-invariant 
open subscheme of U[ x G is of the form XJ\ x G for some open subscheme U\ of 
U{. Thus X is A-cquivalent toX-U. If X - U = (X - U) G , then X G = X - U 
and so X is A-equivalent to X G . Otherwise, X — U =/= (X — U) G then we repeat 
the above step where X is replaced by X — U . Since X is noetherian, we obtain a 
closed subscheme Xq of X such that Xo = X G and Xq is A-equivalent to X. From 
the construction of Xo, we see that X G = X G . Therefore, X G is A-equivalent to 
X. □ 

Remark 2.3. The proof above follows from Bialynicki-Birula's argument, where 
the base field he considered is an algebraically closed field. However, the proof works 
for an arbitrary field. 

Corollary 2.4. Let A : Varx — R be an additive invariant satisfying A(G m ) = 
(resp. A(G„) = 0). Then X(X) = X(X Gm ) (resp. \{X) = \(X G °)). 

For additive invariants A defined on Varx to be interesting, we require that 
A(Spec(A")) = 1. In fact, it follows from the definition of additive invariants that 
A(Spec(JT)) is either or 1. Moreover, if A(Spec(iT)) = 0, then it follows from the 
definition that A = 0. So we only consider non-trivial additive invariants A below, 
i.e., A(Spec(A")) = 1. 

Example 2.5. Let A : Varx —tZbean additive invariant such that A(G m ) = 0. 
Then for X — X(A) a (possible singular) toric variety associated to a fan A, we 
have X(X) = d n (A), where d n (A) is the number of n- dimensional cones in A and 
n is the dimension of X . 

Proof. For X = X(A) an arbitrary toric variety, we write X as the disjoint union of 
its orbits T under G^™. Each orbit T is isomorphic to (G TO ) X \ By assumption, 
A(G m ) = 0. This implies that A((G m ) X1 ) = for i > 0. The number of 0- 
dimensional orbits is exactly the number of n-dimensional cones in A, i.e., d n (A). 

□ 

Note that the Eulcr characteristic of X(A) is also d n (A) (cf. [Ful Ch.3]). This 
is not surprising since the Eulcr characteristic \ l& an additive invariant satisfying 
x(G m ) = (see the next section). 
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If a variety X admits a G m -action with isolated fixed points, then for any additive 
invariant A : Varx —> Z with A(G m ) = 0, X(X) coincides with the cardinality of 
the fixed point set. In particular, the fixed point set of G m -action on an algebraic 
torus can not have isolated fixed points. 

A variety is called cellular if there is a filtration = Y-\ C Yq C Y\ C • • • C 
Yn = Y such that Yi—Yi—i is isomorphic to C Mi for all i (where = (j,q < Hi < • • • ). 

Example 2.6. Let A : Varx — >• Z be an additive invariant such that A(G m ) = 0. 
Then for a cellular variety Y as above, one has X(Y) = N . 

Example 2.7. (cf. [B-Bll Cor. 5] J Let A : Varx — > Z be an additive invariant such 
that A(G m ) = 0. For an algebraic connected reduced affine group scheme G, one 
has A(G) = or 1. Moreover, X(G) = 1 if and only if G is unipotent. 

Proof. If G is not unipotent , then it contains a subgroup isomorphic to G m . The 
action of G m = H by left translations of G has no fixed point. By Corollary 12 .4[ we 
have A(G) = 0. If G is unipotent, then G is isomorphic to K n . Hence A(G) = 1. □ 

3. Examples of additive invariants 

3.1. Euler characteristic. When if is a subfield of C, the Euler characteristic is 
given by 

X (X) := ^(-l)Vankir(X(C),C). 

For more general K and a variety X over K, let H 1 (X,1ji) be the Z-adic coho- 
mology group of X, where I is a positive integer prime to the characteristic char(/v ) 
of K. Set H l {X,Q t ) := H l {X,Zi) ® z , %. Denote by (i l {X,l) := dim Ql H^Qi) 
the i-th /-adic Betti number of X. The Z-adic Euler characteristic is defined by 

X (X,l) :=^(-l)T(X,0. 

i 

Similarly, let H l c (X, Z/) be the Z-adic cohomology group of X with compact 
support. Set f3 l c (X,l) := diniQ, Hl(X,Qi) the i-th Z-adic Betti number of X with 
compact support and 

Xc(X,l) :=J2(-iyf3i(X,l) 

i 

the Z-adic Euler-Poincare characteristic with compact support. Note that Xc(X,l) 
is independent of the choice of Z prime to char(i'C) (See, e.g., [K] or [I]). 

Those X,Xc,x( — ,1) and x c (— ,Z) are additive invariants from Vark to Z, which 
follows from the fact that x = Xc and x{~ j = Xc( — i (cf- }Fuj for the case over 
C, [Lau] for general cases). 

From Corollary 12.41 and note that both x(G m ) (in the case that k is a subfield 
of C) and x(G m , Z) are zero. So one gets Bialynicki-Birula's result. 

Corollary 3.1 ( |B-B1| ). Suppose that X admits a G m -action with the fixed point 
set X m . Then we have 

(1) x(X) = x{X Gm ) if K is a subfield ofC. 

(2) x(X,l) =x( xGm J) if char(K) is positive. 



(i 



WENCHUAN HU 



3.2. Hodge polynomials. In this subsection, we assume that K is a field of char- 
acteristic zero. Then there is an additive invariant H : VarK — > Z[it,u], with the 
properties: 

(1) H x (u, v) := T, P , q (- 1 ) P+q dimHi(X, fl p x )u p v q if X is nonsingular and pro- 
jective (or complete). 

(2) Hx(u, v) = Hjj(u, v) + Hy{u, v) if Y is a closed algebraic subset of X and 
U = X - Y. 

(3) If X = Y x Z, then H x (u,v) = H Y (u,v) ■ H z (u,v). 

The existence and uniqueness of such a polynomial follow from Delignc's Mixed 
Hodge theory(cf. [Dl[ ID2j ). The coefficient of u p v q of H x (u,v) is called the 
virtual Hodge (p, q) -number of X and we denote it by h p,q (X). Note that from the 
definition, h p ' q (X) coincides with the usual Hodge number (p,q)-mimber h p ' q (X) 
if X is a smooth projective variety. To apply the results in the last section, we 
need suitable modifications. Since G m = Spec(K[x, a; -1 ]), we have H& m (u,v) = 
uv — 1 ^ 0. So Corollary 12.41 can not be applied directly to the additive invariant 
H. However, if we take the values of H in the quotient Z[u, v]/(uv — 1), i.e., the 
composed map of H with the quotient homomorphism Z[u,v] — > W,[u,v]/ (uv — 1), 
then we get a new additive invariant H : VarK — > Z[u,v]/ (uv — 1) = Z[u,it -1 ]. 
This modified additive invariant H satisfies H(G m ) = 0. The following result is 
from Corollary |2.4l 

Corollary 3.2. Suppose that X admits a G m -action with the fixed point set X Gm . 
Then 

H x {u) = H x c m (u) e Z^u- 1 }. 
Equivalently, Corollary 13.21 can be written in a different way as the following: 

(2) h p ' q {X) = J2 h p ' q (X Gm ). 

p—q—i p—q—i 

In particular, if X Gm is dimension zero over K, then Hx G ™ (u) is independent of u 
and so is Hx (u) ■ In this case, the virtual Hodge (p, q)-numbers of X satisfies the 
the following relation: 

(3) E h P ' q (X) = 

p-q=i 

for alii ^ and 

Y,h p ' p (X)=x(X). 

p>0 

More generally, Equation holds for all \i\ > dimX Gm . In the case that X 
is smooth and projective over k, then h p,q (X) = h p,q (X) > 0. So we obtain from 
Equation © that £ p _ g=i hP' q {X) = Y,p- q=t h p > q (X G ™). In particular, hP' q (X) = 
h p ' q (X) = for allp, q such that \p — q\ > dim(X Gm ). This is a pretty simpler proof 
of a slight weaker version of Bialynicki-Birula decomposition theorem (cf. |B-B2j ). 

For example, if X is nonsingular toric projective variety over C, then one has 
h p ' q (X) = for all p ^ q and h p ' p (X) = fi 2p (X). This follows from the fact that 
a nonsingular projective toric variety admits a G m -action with finite isolated fixed 
points. 
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Now we consider algebraic varieties admitting actions of the additive group G a - 
Since G a — Spec(K [x]), we have H& a (u,v) = uv. To apply Corollary 12. 4[ we 
need to take the value in Z[u, v]/(uv). That is, the composed map of H with the 
quotient map Z[u,v] — > l\u,v]/ (uv) gives us an additive invariant Hx(u,v) such 
that H& a (u, v) = 0. 

Corollary 3.3. Suppose that X admits a G a -action with the fixed point set X Ga . 
Then 

Hx{u, v) = H X G a (u, v) £ Z[u, v]/ (uv). 
Corollary 13.31 implies that the following equations 

~h p '°(X) = h p '°(X Gm ) 

and 

h°- q (X) = h°' q (X G ™) 

hold for p, q > 0. 

In the case that X is smooth and projective with a G a -action, we have h p '°(X) = 
h p '°(X) = and h°' q (X) = h°- q (X) = for p,q> dimX G «. 

By applying Corollary |3.3l to an algebraic connected afhnc group variety, we have 
the following result. 

Corollary 3.4. Let G be an algebraic connected affine group variety. Then 

h p '°(G) = h {) - q (G) = 

for all p,q > 0. In particular, the 1st virtual Betti number of G is zero. 

Proof. If G is not a torus, then G contain a subgroup H isomorphic to G a . The 
action of G a = H by left translations of G has no fixed point. By Corollary 
1531 we get h p '°(G) = h°- q (G) = for all p, q > 0. If G = G* n , then we get 
Hg(u, v) = (to - 1)™ since H is an additive invariant and H<& m (u, v) = uv — 1. From 
this formula we get immediately that h p0 (G) = h°' q (G) = for all p,q>0. □ 

3.3. Counting points. Let F g be the finite field of q elements and let X be an 

algebraic scheme defined over ¥ q . Let N n (X) denote the number of closed points 
in X(¥ q 7i). Note that N n defines an additive invariant on the category Var^ of 
algebraic varieties over the field F g with integer values, is a map 

N n : Var ¥q Z 

such that 

N n (X)=N n (X') iovX^X', 
N n (X) = N n (Y) + N n (X - Y) for Y closed in X, 
N n {X xY)= N n (X) ■ N n (Y) for every X and Y. 

For example, if X = = Spec(F g [a;]) the affine line over ¥ q , then N n (X) = q n ; 
if X = Spcc(F, 3 [a;,a;- 1 ]), then N n {X) = q n - 1. 

Lemma 3.5. Let X, Y and A be algebraic varieties over ¥ q . Suppose that X is 
A- equivalent to Y . Then 

(1) if A = Spec(F 9 [x]) then N n (X) = N n (Y) mod(g). 

(2) if A = Spec^Fja:,^- 1 ]) then N n (X) = N n (Y) mod (q - 1). 
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Proof. It is enough to consider the case that X is simply A-equivalent to Y since 
N n is an additive invariant. By definition, there is an open quasi-projective scheme 
U of X such that X — U is isomorphic to Y and an isomorphism / : U —tU'xA, 
where U' is an algebraic scheme. In this case, we have N n (X) = N n (Y) + N n (U) = 
N n {Y)+N n (U')N n (A). 

Case (1). If A = Spec (F ? [x] ) , then N n (A) = q n = mod{q). Hence N n (X) = 
N n (Y) mod(g). 

Case (2). If A = Spec(F,[a;, a;" 1 ]), then N n (A) = q n - 1 = mod{q - 1). Hence 
N n (X) = N n (Y) mod(g-l). 

This completes the proof of the lemma. □ 

As an application of Theorem 12.21 and Lemma [5751 we have the following result. 

Corollary 3.6. Suppose that an algebraic scheme X admits G-action. 

(1) IfG = G a , then N n (X) = N n (X G ) mod(g). 

(2) IfG = G m , then N n (X) = N n {X G ) mod(q - 1). 

Proof. This follows from the combination of Theorem 12.21 and Lemma 13.51 □ 

4. Additive invariants for Chow varieties 

4.1. The Chow variety for projective spaces. In this section we give a direct 
proof of Corollarv l 1 . 51 and Thcorcm ll.4[ which not only is a simplification of Lawson 
and Yau's proof for Theorem 1 1 . 1 1 but also works for Chow varieties over arbitrary 
algebraically closed field. 

Now we give a proof of Corollary 1 1.51 by using Bialynicki-Birula's result. 

The proof of Corollary \1.5\ We consider the action of G TO on P^- +1 given by setting 
$t([«o, —,z n ,z n+1 ]) = [z , ...,z n ,tz n+ i], 

where t G G m and [zq, z n , z n+ i] are homogeneous coordinates for P^- +1 . 

This action on P^- +1 induces an action of G m on C p +i if ;(P n+1 )if . From the 
definition of the action G m on , it is pretty clear that any subvariety V of 
dim V = p + 1 is invariant under the action <G m if the support of V is included in 
the hyperplane (z n +i = 0) = P^. 

We also observe that if a (p + l)-dimensional irreducible algebraic variety V is 
defined by a collection of homogeneous polynomials F\ on P^- +1 , but those polyno- 
mials are independent of the last coordinate z n +i, then V is invariant under G m . 
Geometrically, such a variety V is a cone of over an algebraic subvariety supported 
in the hyperplane (z n+ \ = 0). 

Denote Q = [0 : ■ • • : : 1] € P^+ 1 and note that Q is G m -fixed. Note that 
only those varieties are irreducible invariant subvarieties of dimension p+1 in P^- +1 
under this G m -action. To see this, we first observe from the definition of the action 
that if an irreducible variety V contains Q and another fixed point P on P^-, then 
so does the projective line Ipq passing P and Q. Suppose V C P^*" 1 such that 
V £ 0„+i = 0) ^ f n K . Since both V and ¥ n K are G m -invariant, V := V H ¥ n K is 
G m -invariant. The subvariety V corresponds to the fixed point set of the restriction 
of the G m -action on V when t ~ > 0. Therefore, the cone T,qV' is G m -invariant. 
Note that we must have Q e V . The point Q corresponds to the fixed point set 
of the restriction of the G m -action on V when t oo. Hence we have T,qV' C V. 
Since dim T,qV' = p+1 = dim V and V is irreducible, we have T,qV' = V. 
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The fixed point set C p +i i( i(P n+1 ) if m of the induced action on C p +i : dQP n+1 ) k con- 
tains cycles c of the form c = nhVk + rrijWj of degree deg c := n k deg Vk + 
^rrij AegWj = d, where 14 C P^- is irreducible and Wj = SgWj for some irre- 
ducible variety Wj C P^- of dim Wj = p. Therefore, we have 

d 

(4) C p+hd (V n+1 )K m = ]J{C P+ i,i(V n )K x Z Q C p , d -i(F n ) K }. 

i=0 

Since £ : C Pt d~i(P n )K Cp,d-i(P ra+1 )ir induces a homeomorphism onto its image 
in C p4 -i{W™+ x ) K , we have ' 

x(c , P +i,« J (P n+1 )£",0 - x(Llto{ c P+i^( p ")^ xEgC^-iO^M,/) 

f5l = EtoX^+i^P")^ xE q C p ,^(P")k,0 

= EtoX(C P+M (P n )A:,0-x(SgC p , <1 _ i (P w )A:,0 
= Eto xCCp+i^P")^, • x(C P , d -i(¥ n ) K , I), 

where the second equality follows from the exclusion-inclusion principle of the Eulcr- 
Poincare characteristic (cf. |Lauj . [H]). the third equality follows from the Kiinneth 
formula for Z-adic cohomology. 
From Theorem 1 1.21 we have 



(6) x(c P+ iAw n+1 )Kj) = x(c P+ iAv n+ TK m ,iy 

The combination of Equation ([5]) and ([6]) gives us a recursive formula 

d 

(7) X (C P+ iAV n+1 )K,l) =Y,x{c p+1 , i {¥ n ) K ,i). x {c p , d - i ^ n ) K ,i). 

i=0 

The above idea also can be used to calculate the initial values x(Co,d(P™)_fs", 
as follows. By definition, an element in Co.d(P n+1 )if means an effective cycle c on 
P^- +1 such that degc = d. Since a point P is a fixed point of the G m -action if and 
only if P = Q or P € (z n+1 = Q) = F%, we get c G Co,d(P" +1 )K m if and onl y if 
c = mQ + E ^i-Pj) where > and J2 n i = d — m. Hence 



(8) CoXV n+1 f K m = II Ci 



m— 



This together with Theorem 11.21 implies the following formula for the Euler- 
Poincare characteristics. 

d 

m=0 

From this recursive formula, we get 

(9) X (c M (P"k,o = rr)- 

The combination of Equation (JTJl and ((9j) completes the alternate proof of Corol- 



lary o □ 
If we set 

CO 

Q P ,n(t) :=^x(^ d (P"U,/)t d , 



d=0 
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then Corollary 11.51 may be restated as 

Q P ,n{t) = (j—^) " +1 , where X (C p , (P n )/0 := 1. 

The proof of Theorem \l-4\ Note that Bialynicki-Birula's result in |B-B1[ Th.2] and 
the assumption A(G m ) = imply that if X is a projective algebrac set over K with 
a G m -action, then 

\(X) = \(X G ~), 

where X Gm is the fixed point set of this action. 

This together with Equation (j4|) gives us the following recursive formula 

d 

(10) x(c p+1 . d (r i+1 ) K ) = £ A(c P +i,i( pr V) ■ Kc P ,d-i{w n ) K ). 

j=0 

By Equation ((SJ) we get 

d 

A(C , d (P" +1 ) K ) = J2 A(C , d - m (P"k)- 

m— 

This recursive formula together with the assumption A(SpecA") = 1 implies that 

(11) A(C , d (P")A') = (" d +d ). 

By the same argument as in the proof of Corollarv ll.5[ we obtain the formula in 
the theorem from Equation (fTO)) and (jlll) . 

□ 

In the subsection below we will compute the virtual Hodge polynomial and num- 
bers of the Chow varieties for projective spaces over an algebraically closed subfield 
of C. 

Corollary 4.1. Assume that char(ii') = and let H : Varx — > Z[u,w -1 ] be given 
as above. Then we have 

+ d - 1 \ r- r77{„, „ -ll 



H(C Pid (F n ) K ) = ( Vp 'd ) e Z[u, 



Proof. It is easy to check from the definition of H that //(Specif) = 1 and 
H(G m ) = uv — 1. So H(G m ) = 0. Now the corollary follows from Theorem 
PI □ 

Remark 4.2. From Corollary \4. 1\ H (C Pi d(P n ) k) is independent of u. This implies 
that the coefficients of both u and v in the Hodge polynomial H (C Pt d(F n ) k) vanish. 

By applying Corollary 13.21 to the Chow variety C mj d(P^-) parameterizing alge- 
braic m-cycles of degree d in the projective space P^-, we have the following result. 

Corollary 4.3. For integers n > m > and d > 0, the virtual Hodge (p, q)-number 
of the Chow variety C TO) d(PJ-) satisfies the following equations: 

p-q=i 

for all i § and 

p>0 
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Proof. Instead of proving that there is a G m -action on C p ,d(Pjf) such that the 
fixed point set consists of isolated points, we show that there is a (<G m ) x "-action 
on C p ,cl(Pk) such that whose fixed point set is finite. This is shown in the proof 
of Corollarv ll.5l by constructing a sequence of G m -action on C PiC i(P^) and its fixed 
points set. The initial idea for such a construction over the complex number field is 
from Lawson and Yau (cf. |LY] ) . Now the equation follows from Equation (fT2|) . □ 

By applying Corollary 13.31 to the Chow variety C mi d(^jc), we get the following 
result. 

Corollary 4.4. For integers n > m > 0, d > and p, q > 0, the virtual Hodge 
(p,0) -number and (0,<?) -number of the Chow variety C mj d(P^-) vanish. 

Proof. Note that C mj d(lP^-) admits an action of a unitriangular group J with exact 
one fixed point (cf. |Ho[ §7]). The general fact is that the group J contains a 
subgroup isomorphic to G a . Therefore, i?c m d (p% )( u > v ) = 1 € 1\u, v]/(uv). This 
implies that 

H c m , d {r*){v>,v) = l + uvg{u,v) € Z[u,v], 
where g{u,v) G Z[u,t>]. Since h^j° i ppnj is the coefficient of u p in the Hodge poly- 
nomial Hc m d (p™ ) (u, v), we obtain h^ ^ p „ ^ = from the above explicit formula 
for H Cm d (p» )(«, v). By the same reason, Ji^ q ^ p „ ^ = 0. □ 

Note that for an algebraic variety over k, if we set (3 l (X) := ^ p+q=i h pq {X), 
then we get the virtual Poincare polynomial Px{t) — (cf. }Ful p. 92]) 

and (3 l (X) is called the ith virtual Betti number of X . 

From Corollary 14.41 we get ft 1 (Cm^F^)) = 0. It can not be obtained by the 
vanishing of the usual 1st Betti number of C mj d(Pc). 

From Corollary 14. 3[ we have 

(12) E^ _1 (^( P Sr))= 

i>i 

and 

£/3 2l (C m , d (P£)) = X (C m ,^))- 

i>0 

In particular, if one could verify that /3 2l_1 (C mj d(P#-)) are nonnegative for all i, 
then Equation (|12p would imply that the vanishing of all odd virtual Betti numbers. 

Remark 4.5. Note that the usual 1st Betti number o/ C mi d(P^) is zero. This is 
implied by the fact that C m .d(Pc) is simply connected (cf. |Ho| or [Law! Lemma 
2.6]/ However, The simply connectedness of an algebraically closed set X does not 
imply the vanishing of the 1st Betti number of X . For example, let X = C(E)\JV 2 Z , 
where C[E) is a projective cone of a smooth plane cubic E in the plane Pg and 
E = C{E) fl Pg. The fact that tt\{X) = follows from a direct application of Van 
Kampen theorem. An elementary calculation yields Hx{u, v) = 1 + u + V + UV — 
u 2 v - uv 2 + 2u 2 v 2 and so ^(X) = 2^0. 

The next result, as an application of the above theorem, we count points of 
C p , d (V n )(¥ qm ) modulo (q - 1). Recall that the proof of Theorem 2 in [BT3T] does 
not require K to be an algebraically closed field. When K = ¥ q , the map N m : 
X — » |X(F g m)| gives rise to an additive invariant N m : Varx — > Z. 
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Corollary 4.6. Let N m : X — > \X(F q ™)\ be given as above. For any integer m > 1, 
we have 

N m (C p , d QP n h q ™) = r^- 1 ) mod(g - 1). 

Proof. Since N m (G m ) = q m —1 = mod(g — 1) and iV m (SpccF 9 ) = 1, the corollary 
follows from Theorem 11.41 □ 

In particular, when X is the Chow variety C mi( j(Px) over k, we get 
(1) 

N n (C m , d (¥l)) = 1 mod(q). 

(2) 

N n (C m , d (FD) = mod (q - 1), where v p , n = (J* 1 ). 

Proof. (1) follows from the fact that there is a sequence of G a -actions on C m ,d{F r k) 
and the last one has exactly one fixed point (cf. |Ho| ) . (2) follows from the fact 
that there is a sequence of <G m -actions on C mj( i(P^-) while the last one has exactly 
(" p,n+ rf _1 ) isolated fixed points (cf. the proof of Corollarv ll.5[) . □ 

For example, the number of points on fc-point on C m! d(PX-) for k = ¥2 is always 
odd. 

4.2. The Chow variety for the product of projective spaces. In this section, 
we deal with more general cases. Let Xk be a projective variety over K (we omit 
the subscript K below). 

Let C P (X) be the topological monoid of all effective p-cycles on X and let H p (X) 
be the monoid ttq(C p (X)) of connected component of C P (X). For a G U p (X), let 
C a (X) be the space of effective algebraic cycles c on X which are in the same 
connected component a. 

Under this setting, if we consider the G m -action on P" +1 x X by 

$t([z , z n , z n+1 ],x) = {[z , z n , tz n+ i], x), 

then for any a 6 iI p+ i(P™ +1 x X), the fixed point set of the induced G m on 
C a (P" +1 x X) contains effective cycles of the form 

c = ^2 n k V k + rrijWj + UUi, n k ,mj,li > 

whose class in n p+ i(P n+1 x X) is a, where V k C P" x X is irreducible, Wj = 

for some irreducible variety Wj C P™ x X of dim Wj = p and U k C X is irreducible 

of dim Uk = P + L Therefore, we have 

C Q (P' i+1 x Xf™ = {Cp(F n xX)x £ Q C 7 (P n x X) x C Y (X)}, 

where /3 6 II p+1 (P™ xl), 7 e n p (P" x X) and 7' e II p+ i(X). Hence we have 
(13) 

X (C Q (P" +1 xX) G '",/)= Yl x(Ce(V n xX),l)-x(Cy(V n xX),l)-x(Cy(X),l). 

a=/3+EQ7+7' 

By Theorem II .21 we have 

X (C Q (P n+1 xX),l) = X (C Q (P" +1 x Xf-,l) 
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Therefore, by Equation (|13j) we have the following recursive formula 
(14) x (C a (P" +1 x X) = x(W x A-),0-x(C 7 (P B xX),l)- x (C Y (X),l). 

ci = /3 + Sq7+7' 

From this we recover the Euler-Poincare characteristic of C Q (P ri+1 x X) from 
those of X. Therefore, we can obtain the Euler-Poincare characteristic for arbi- 
tray many products of projective spaces (cf. [H] for a computation without group 
actions) . 

4.3. Toric varieties. The result in this subsection is a formula for the Euler- 
Poincare characteristic for the Chow variety of general toric varieties, which is 
inspired by Elizondo [EJ. For background on toric varieties, the reader is referred 
to Fulton's book [Fuj . 

Recall that a toric variety over K is an irreducible variety X containing the 
algebraic group T = as a Zariski open subset such that the action of G^™ on 
itself extends to an action on X . 

The p-th Euler series of X is defined by the following formal power series 

E P (X):= ]T X (C a (X),l)a. 

aen p (x) 

Since its simplicity, the proof of Theorem 14.71 is given below, which is almost 
word by word translated from the case over complex number field (cf. [Ej Th. 
2.1]). 

Theorem 4.7. Denote by Vi,...,Vn the p- dimensional invariant irreducible sub- 
varieties of X . Let eryy be the characteristic function of the subset {[Vi\,i = 
1,2, N} ofllp(X), where [V] denotes its class in Tl p (X). Then 

«w*>- II (d^)- 

Proof. Note first we have x(C a (X),l) = x(C a (X) T ,l) by applying Theorem O 
inductively for n-times. Then E p {X) = rii<i<Ar fit where fi(a) = 1 if a = n ■ [Vi] 
and otherwise. Note that 1 = (1 — eryy) ■ fi since, by definition, fi(a) = (1 + 
e[ Vi ] + ejy.j + •••)(«) for all a £ U p (X). □ 

One needs to know which irreducible subvariety V of a toric variety X is invariant 
under the action of algebraic torus T. This has been answered in jE], i.e., the 
closure of an orbit under the action T. Therefore, theoretically one can obtain the 
Euler-Poincare characteristic for any toric variety. One may need additional work 
to get an explicit formula for E p (X) in terms of the generators of U p . Elizondo 
has illuminated how to apply Theorem 14. 71 to particular examples in complex case. 
His methods also works for the algebraic case. Those examples include projective 
spaces, the product of two projective spaces, Hirzebruch surfaces, the blowing up 
of a projective space a point, etc. 

Here we give a remark on the Euler-Chow series of certain projective bundles. 
Let Ei and Ei be two algebraic vector bundle over a projective variety X. Let 
P(-Ei) (resp. P(£/2)) be the projectivization of E\ (resp. E-i). Then, in complex 
case, the Euler-Chow series E p {^(E\ £2)) can be computed in terms of that of 
P(£i), ¥(E 2 ) and P(-Ei) x x P(£ 2 ), where the last one is the fiber product of P(£i) 
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and P(i?2) over X (cf. |EL| ) . The proof there word for word works for the algebraic 
analogue, except that the fixed point formula there is replaced by Theorem ll.2l As 
an application, one can obtain the Euler-Chow series for Grassmannians and Flag 
varieties over K. 

The calculation of Euler-Poincare characteristic for product of projective spaces, 
or more generally, of toric varieties X works well for an additive invariant A : 
VatK — > R satisfying A(G m ) = and A(Spccif) = 1. For such a A, the p-th 
A-series of X is defined to be the following formal power series 

A p (X) := ]T X(C a (X))a. 

aen p (x) 

The same formula in Theorem 14.71 holds for A p on any toric variety X. 



Theorem 4.8. For a toric variety X in Theorem \4-7\ we have 

m*)= n (t^ 



Ki<N 



1 - ery^ 



4.4. Chow varieties parameterizing irreducible varieties. In this subsection, 
we compute the i-adic Euler-Poincare characteristic of the Chow varieties parame- 
terizing irreducible subvarieties of a given dimension and degree in projective spaces. 
Let I Py d(V n )K C C p .d(P n )K be the subset contains p-dimensional subvarieties of P^- 
of degree d, i.e., 

I P A pn )K = {V e C p . d (F n ) K \V is irreducible of degV = d }. 

Note that I Pi i(V n )K is the Grassmannian of p + 1-plane in P^-, i.e., I p> i(¥ n )K = 
G(p + l,n + 1). For d > 1 each I P A^ n )K is a finite union of quasi-projective 
varieties. The following result is about the Z-adic Euler-Poincare characteristic of 

Theorem 4.9 ([H]). For (7,char(A")) = 1, we have 

ford = l, 



ford>l. 



Proof. The proof here is similar to the case over the complex number field. Recall 
that the action of the algebraic n-torus T n := G^ +1 /G m is given by 

® t ([z0, Zl, —, Zn]) = [toZ ,tiZi,...,t n Z n ] 

where t = (to,...,t n ) and [zo, z\, z n ] are homogeneous coordinate for P^. This 
action on P" induces an action of T on I Pi d(P n )if and hence on its closure /p,d(P n )if 
in C pA {f n ) K and I p ,d(¥ n ) - I p ,d(F n ). By Theorem OJ we have 

(15) X (F P . d (V n )K,l) = x(I P AV n )K). 



By induction on Theorem 1 1.21 wc obtain that a p-dimcnsional T-invariant cycles 
is a linear combination of p-planes, we get F P A pn )K C T p ,d(P n )K — I P A^ m )x 
for d > 1, where F P A^ m )K is the fixed point set of T-action on I P A^ n )K- This 
together with Theorem 11.21 implies that 

(16) x (FpAw n )K, i) = x&,d(T)K - i p AV")k,i). 

By the inclusion-exclusion property for Z-adic Euler-Poincare characteristic (cf. 
(Li3), we have X (4 d (P") W P ,d(P n k, = x(W F ™k, l)- X (I P A Fn )K, 0- This 
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together with Equation (fT5j) and (|16[) implies I p ,d(F n )K, I) = for d > 1. This case 
that d = 1 follows from the fact x(7 Pi i(P"), /) = X (G{p + 1," + 1), I) = {ptl)- D 

Similarly, we have an alternative shorter proof of the following result. 

Proposition 4.10. For (^char(T^)) = 1, we have 

x (lJF n xF m ) K ,l) = { ^H)(T+ + A if a=[F%xF l K ], where k + l=p, 
' 1 0, otherwise. 

Proof. The action of the algebraic torus T := T n x T m on P^- x F^ is given as 
the product of the actions on each factor defined in the above proof of Theorem 
EH For each a € Ch p (P^ x Pg), where C\{X) denotes the Chow group of p- 
cycles on X, the action of T on P^ x P^J induces an action on C a (F n x P m )if 
and I a (F n x F m )K since the rational equivalent class of an irreducible variety is 
preserved by this action. Since the action is algebraic, it extends to the closure 
7 Q (P" x F m ) K of I a {F n xF rn ) K in C Q (P" x F m ) K . 
By Theorem II .21 we have 

X (F a (F n x F m ) K ,l) = x(4(P" x F m ) K ,l), 

where F a (F n xF m ) K the fixed point set of this action in I a (F n xF m ) K . 

The T-invariant cycles in a are exactly finite sum of products of fc-planes in P^- 
and {p— fc)-planes in P^, where < k < p. Hence if a ^ eti for all k+l = p, k, I > 0, 
then F a (F n x F rn ) K C I a (F n x F m )) K - I a (F n x F m ) K ). Applying Theorem to 
7 Q (P™ x F m )) K - I a (F n x F m ) K ), we have 

X (F a (F n x F m ) K ,l) = X (I a (F n x F m ) K - I a (F n x F m ) K ,l). 

These two equations together the inclusion-exclusion property for Z-adic Euler- 
Poincare characteristic imply that 

X (I a (F n xF m ) K J) = 0. 

If a = e k j for some k,l > 0,k + I = p, then I a (F n x F m ) K = G(k + l,n + 1) x 

G(l + 1, m + 1) and so x(U^ n * P™)*, = (fc^iXI+t 1 )- 

The completes the proof of Proposition 14. 101 □ 

From the proof of Theorem 14.91 and Proposition 14.101 we observe that it works 
nicely for general additive invariants A : Varx — > R satisfying A(G m ) = and 
A(SpccA') = 1. That is, the following statement holds. 

Proposition 4.11. For additive invariants A : Var^ — > R satisfying A(G m ) = 
and A(Speci4T) = 1, we have 



A(/ P> d(P")x 

and 

X(I a (F n x F m ) K ) -- 



ford=l, 
ford>l. 



tf<*= PP& x &k], ™here k + l=p, 
0, otherwise. 

This proposition has the following immediate corollary. 

Corollary 4.12. The Hodge polynomial H(I p4 {F n ) K ) e Z[u,v] (resp. H(I a (F n x 
F m )K) ) is in the ideal (uv — 1) generated by uv — 1 for d > 1( resp. a ^ [P^ x F l K ]). 
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